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The influence of the nonlocal Hartree-Fock (HF) exchange in narrow-band materials with
finite band gaps is analyzed. The mean-field Hamiltonian in the crystal orbital (CO) basis
contains two k-dependent matrix elements responsible for the dispersion of the one-electron
levels: the classical tight-binding integrals (kinetic energy of the electrons) that decay ex-
ponentially as well as the (non)local exchange. The asymptotic behavior of the two-electron
potential is determined by the fall-off of the intercell bond-order matrices; their range exceeds
significantly the spatial extension of the k-dependent one-electron integrals. The analytic
structure of the HF dispersions of narrow-band systems (weak intercell interactions) is largely
influenced by the magnitude of the Fermi-correlation beyond the direct neighbors. The asso-
ciated ¢(k) curves differ strongly from idealized tight-binding relations. The bands are
broadened and show enhanced energy gradients in certain domains of k-space. Nonlinearities in
the ¢ (k) relations are a direct consequence of finite neighbor’s approximations adopted for the
evaluation of the lattice sums. The analytic structures of such HF bands are intermediate
between idealized tight-binding relations of covalent solids, on one side, and HF dispersions of
metals in (nearly-)free electron-gas approximations, on the other, that show divergent & (k)
gradients at the Fermi level. The exchange influence in insulating narrow-band materials is
restricted to the filled one-particle space; this is demonstrated by a perturbational analysis. The
crucial importance of reliable numerical integration procedures for the determination of the
intercell bond-order matrices is pointed out. Standard techniques may lead to artificial
periodicities pretending unphysical decay properties of the electronic exchange. Dispersion
patterns of a simple one-orbital model are analyzed as a function of the mutual strength of the
kinetic hopping integrals and the HF exchange as well as the spatial extension of the k-depen-
dent two-electron potential. The validity of the theoretical expectations deduced from simple
model calculations is studied for two complex polymers. Important one-electron properties of
one-dimensional (1D) porphyrinato nickel(II) derivatives (2 and 3) are investigated by means of
semiempirical SCF (self-consistent-field) HF INDO (intermediate neglect of differential overlap)
CO calculations. The lattice spacings of 2 and 3 differ by 0.31 A. This geometrical distinction
allows for an inversion of the relative importance of the k-dependent one- and two-electron
contributions to the mean-field operator. The exchange influence on the width of the HF dis-
persion in 3 exceeds the one-electron part by nearly one order of magnitude. It is shown that
band structure properties of narrow-band systems are neither properly described by one-electron
models of the Wolfsberg-Helmholtz-type nor by bare (unscreened) HF dispersions. The width of
a mean-field band calculated within a nonlocal exchange approximation has to be corrected for
quasi-particle (QP) interactions beyond the HF scheme (i.e., long-range and short-range
correlations and relaxations) as well as for electron (optical) phonon interactions. The phononic
coupling leads to a narrowing of the band width via Franck-Condon-like vibrational overlaps;
this part is independent of the theoretical details of the electronic structure investigation.
Important physical consequences of the exchange-control in narrow-band solids are shortly dis-
cussed.

[1, 2]. The predictive capabilities as well as the
numerical stabilities of ab initio and semiempirical
CO variants have been reviewed by several authors
[2—8]. There are two main sources leading to com-
putational problems in band structure investigations
which are both associated to the proper treatment
of long-range (LR) summations in self-consistent-
field (SCF) Hartree-Fock (HF) CO studies. The

1. Introduction

The crystal orbital (CO) formalism as derived on
the basis of the tight-binding approximation has
become a powerful computational tool for the in-
vestigation of the electronic structures of low-di-
mensional materials and classical solid-state systems
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first one must be traced back to the various clas-
sical electrostatic energies entering the mean-field
Hamiltonian in the crystal orbital basis (i.e., elec-
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tron-electron and core-core repulsions, electron-core
attraction). These elements can be combined to
rapidly convergent lattice sums in covalent materials
fulfilling the condition of charge neutrality. In ionic
crystals, on the other side, the evaluation of the
Coulomb potential within the HF scheme is similar
to summations of the Madelung-type [9]. The
second source responsible for the aforementioned
problems is related to the convergence properties of
the exchange energy giving rise to a cos (kj)-depen-
dence of the matrix elements of the HF operator.
k is the convenient wave vector characterizing the
translational symmetry of the polymer or solid and
j stands for a cell index (j =0, reference cell in the
origin, j = * 1, £ 2, etc., N,, first, second, etc., N;'th
nearest neighboring unit).

The asymptotic behaviour of the exchange po-
tential and certain energetic consequences of real-
space truncation criteria have been analyzed in
simple model solids. The theoretical contributions
can be divided into analytical studies limited to ex-
tremely plain systems (e.g. one- or two-orbital
models defined within the Hiickel approximation),
on one side, and numerical investigations, on the
other, which allow for the treatment of real solids in
the framework of ab initio or semiempirical crystal
Hamiltonians. The purely analytical contributions
were often restricted to one-dimensional (1D)
chains with half-filled bands. Cizek et al. were the
first who analyzed modifications in the matrix
elements of a PPP (Pariser-Parr-Pople) Hamiltonian
via nonclassical exchange contributions [10]. Ukrain-
ski investigated the exchange asymptotics of a one-
orbital one-electron model and found a (—1)/;72
decay of the exchange summation [11]. Furthermore
he pointed out that divergent energy gradients, (1),

Ve(k)=(Be(k) Bk)j—x,—> (1)

occur at the Brillouin zone leading to vanishing
density of states (DOS) distributions N (E). This
logarithmic singularity at kK = £ n has been known
for a long time for metals in free and nearly-free
electron-gas approximations in the HF scheme [12].
A reinvestigation of [11] and an extension to any
solids with half-filled bands has been published by
Monkhorst [13]. Simplified relations quantifying the
exchange asymptotics in plain 1D chains with com-
pletely filled and half-filled bands have been derived
by Monkhorst and Kertész [14]. These authors were
able to show that the asymptotic decay of the ex-

change energy is determined by the (intercell)
density matrices Df\,(j) and can be expressed by
means of (2) (insulating materials) and (3) (half-
filled bands), respectively:

Filled bands:

,-“5“, D, ())

Half-filled bands:
lim Dy, ()

jl= o0

il o (2)

Il

(172m) (=17 3)

Equations (2) and (3) are valid for a simple two-
band model defined within a Hiickel-type approxi-
mation. ¢ in (2) is a complicated function and con-
tains the band gap-band width ratio as well as the
magnitude of hopping matrix elements between
adjacent lattice sites as parameters. The divergent
influence of the HF exchange in metallic and
insulating systems had been recognized also by
Piela et al. [5]. Reference [5] in addition gives a
comparison of the exchange potential in finite and
infinite Fermion systems.

Numerical studies on the influence of the ex-
change on the total energy of 1D chains have been
reported over the past decade. One of the first con-
tributions had been given by Fujita and Imamura
[15]. Subsequent calculations based on ab initio
CO procedures showed alternatively pronounced
long-range effects of the exchange potential [2, 3,
5-8, 16—18] or the absence of significant LR con-
tributions (i.e. interactions beyond the third or
fourth nearest neighbors) [4, 19]. A sophisticated
explanation of this contradiction is still missing.

It is the common omission of the aforementioned
theoretical and computational contributions to the
exchange energy problem within the SCF HF CO
approximation that narrow-band materials of ex-
perimental interest have not been analyzed in any
detail. An important property of these solids are
small hopping matrix elements (i.e. kinetic energy
of the electrons) between neighboring unit cells.
This reduction of the tight-binding interaction
should allow for significant modifications of the
band energies ¢ (k) (positions and analytic structures
of the dispersion curves), N (E) distributions and
related properties (i.e.. effective masses, group
velocities. etc.) due to nonlocal exchange effects.
The condition of finding small kinetic energy in-
tegrals (with their characteristic exponential decay)
but simultaneously remarkable contributions via
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slowly convergent exchange summations should be
fulfilled in low-dimensional materials with weak
(covalent) interactions between the stacking units.

Suitable model systems for the investigation of
the influence of the exchange energy in narrow-
band materials are one-dimensional organic metals
(e.g.., TTF/TCNQ systems), on one side, as well as
recently synthesized organometallic polymers, on
the other. The transition metal atoms in most of the
latter materials are embedded into an “organic
matrix” formed by the surrounding ligand moieties
[20, 21]. Recent semiempirical SCF HF CO calcula-
tions of various 1D chains with transition metal
sites indeed have shown remarkable deviations of
the observed HF dispersions from (k) relations
expected for idealized tight-binding bands [22-29].
The crystal orbital investigations cited in [22-29]
span a wide range of topologically different 1D
organometallic materials and are based on an im-
proved INDO (intermediate neglect of differential
overlap) CO formalism [30] which has been de-
signed to reproduce the results of time-consuming
ab initio calculations [31]. Furthermore it should be
mentioned that band structure properties (e.g., band
widths, ¢ (k) relations) of transition metal species
with macrocyclic 7 ligands as derived by the above
mentioned semiempirical SCF HF CO scheme (in-
cluding exchange terms) differed significantly from
the computational results of one-electron calcula-
tions of the Wolfsberg-Helmholtz (WH) or ex-
tended Hiickel (EH) type in the nearest neighbor’s
approximation [32, 33]. The latter tight-binding
variants are of course restricted to approximations
of the kinetic energy of the full crystal Hamil-
tonian.

x O *
0

1 2

It is the purpose of the present article to investi-
gate the influence of the exchange potential on the
band structure properties of narrow-band materials.
For the numerical calculations we have adopted the
improved SCF HF INDO CO scheme described in
[30]. The employed organometallic model systems
are members of the porphyrinato nickel(II) series
(see Fig. 1) [34—37]. These 1D chains have focused
particular attention in the class of molecular metals
containing organometallic stacking units as it is
possible to influence the electronic conductivities of
partly oxidized derivatives, their charge carrier
properties and thus also the “correlation strength”
U/4t over wide ranges via modifications in the
organic n skeleton. The ratio U/4t originally had
been defined in the framework of the phenomeno-
logical Hubbard Hamiltonian [38—40] where U
stands for the on-site (Coulomb) repulsion and 41
for the width of a simple tight-binding band (z:
hopping integral). The correlation strength is en-
larged for U/4t — oc while delocalization effects
(kinetic energy of the electrons) dominate in the
limit U/41 — 0.

Three important representatives of Ni(II) por-
phyrines are displayed in Figure 1. All materials are
insulators in the absence of electron acceptors (e.g.
halides) but highly conducting solids in the case of
a partial charge transfer from the organometallic
ribbon. Tetrabenzporphyrinato nickel(II), Ni(TBP)
1, crystallizes in form of strictly planar Ni(TBP)
stacks with relatively short metal-metal separations
of 3.220 A [34]. The magnetic susceptibility ¥ is
Pauli-like and nearly temperature independent
above 100 K. The physical properties of the partly
oxidized chain (e.g., temperature dependence of the

CH3 HaC
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4
2
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Fig. 1. 1: Tetrabenzporphyrinato nickel(Il), Ni(TBP); 2: 5,10,15,20-tetramethylporphyrinato nickel(Il), Ni(TMP); 3:
1.4,5.8.9,12,13.16-octamethyltetrabenzporphyrinato nickel(Il), Ni(OMTBP); 4: porphyrinato nickel(II), Ni(P). The em-
ployed atomic numbering scheme is shown in the Ni(P) skeleton.
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conductivity) are still in line with the band picture.
The four methyl groups of the small-ring sys-
tem 5,10,15,20-tetramethylporphyrinato nickel(II),
Ni(TMP) 2, cause a tetrahedral distortion around
the central 3d site and lead to an elongation of the
Ni—Ni distance to 3.466 A [35]. The nuclear distor-
tion around Ni can be measured by the tilting angle
between adjacent pyrrole rings which amounts to
17.5° in 2. The crystallographic point symmetry is
thus reduced to S;. The magnetic susceptibility of
the conducting modification is once again metal-
like and temperature independent above the transi-
tion temperature of 28 K. The increasing influence
of the two-electron part (in comparison to 1), how-
ever, is monitored by a rather high y* value of

0.33 spins per stacking unit (1: 0.1 spins/Ni(TBP)).

The third member in the porphyrinato series of
Fig. | is the highly puckered 1,4,5,8.9,12,13,16-octa-
methyltetrabenzporphyrinato nickel(II) polymer,
Ni(OMTBP) 3, where the interdeck spacing amounts
to 3.778 A [36, 37]. The pyrrole rings are now tilted
by 40°. The measured conductivities o of 3 are
2-3 orders of magnitude smaller than the o values
of 1 and 2. Partially oxidized 3 shows a Curie-like
susceptibility which indicates small interactions
between the spins. The extrapolated antiferromag-
netic exchange parameters J

J=2r/U (4)

are J<3cm™' and J<10cm™! for oxidized

stacks with 0.36 and 0.97 electrons removed from
Ni(OMTBP). The coincidence of Curie-like »*
curves and significant conductivities had been ex-
plained in terms of correlated hopping motions of
the charge carriers (i.e. polaronic transport pro-
cesses) [36, 37]. 3 is thus the first realization of the
“atomic limit U/4t — oo of the Hubbard model” in
the class of low-dimensional organic metals; an
important physical consequence of this atomic limit
is the decoupling of orbital and spin degrees of
freedom [41].

This short presentation of some solid-state prop-
erties encountered in the partly oxidized porphyri-
nato nickel(Il) series 1 -2 — 3 explains imme-
diately the challenging theoretical problem of in-
vestigating the importance and the spatial extension
of the exchange energy in narrow-band systems by
means of tight-binding variants defined within the
mean-field approximation. In this context it is of
general interest to gain deeper insight into the inter-

relation between the distance-dependence of ex-
change summations, on one side, and band structure
properties (e.g., band widths Ae, analytical be-
haviour of &(k) curves, etc.), on the other. Equa-
tion (4), for instance, offers an access to “experi-
mental” band widths 4P =4/*P yia measured
J parameters (from susceptibility data) and reliable
estimates of the on-site repulsion U which can be
compared with theoretical findings (deheor). Al-
though (4) contains no explicit assumption on the
analytic structure of the partly filled band suscep-
tible to the antiferromagnetic coupling it implies
nevertheless that the width of the dispersion is
exclusively determined by the one-electron part of
the CO operator. Most of the convenient experi-
mental procedures employed for the estimation
of A¢, however, are based on an even more stringent
a priori assumption, i.e. the description of the rele-
vant band states in terms of a simple tight-binding
relation with a nearest neighbor’s cos (k j)-mod-
ulated hopping integral (j=1). This condition is
adopted in techniques where **? is related to spin
susceptibilities y” [42—44], plasma frequencies wp
[45] or measurements of the thermoelectric power S
[46]. Various extrapolations of **P parameters in
one-dimensional metallomacrocycles, however, have
shown that the experimental uncertainties are quite
large, i.e. the derived 4e figures depend strongly
on the adopted physical measuring quantity [47].
The band structure properties of suitable model
polymers of 1, 2 and 3, respectively, have been
studied previously [25, 26, 48, 49] by the INDO CO
formalism of [30]. In these contributions we have
adopted a fixed approximation for the expansion of
the lattice sums (fifth nearest neighbor’s scheme).
The investigation of the solid-state electronic struc-
ture of 1 has shown that the width of the partly
oxidized band is significantly larger than 1eV. 1 is
therefore no suitable candidate for the planned
study. Preliminary tight-binding calculations of
models of 2 and 3, on the other side, verified strong
reductions in the width(s) of the conduction band(s)
(i.e. valence band(s) of the unoxidized stacks) due
to the elongation of the interdeck separation [48,
49). Consequently we have restricted the present in-
vestigation of the exchange-influence in narrow-
band materials (formed by organometallic building
blocks) to the latter two porphyrinato Ni(II) stacks 2
and 3. The unit cell dimensions of both Ni(I)
polymers, however, are too large to allow for nu-
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merical crystal orbital studies within the SCF HF
approximation. Therefore we adopted the simpler
porphyrinato nickel(II) system, Ni(P) 4, as common
1D model, but used the relevant geometrical param-
eters of 2 and 3 (i.e., lattice spacing ¢, tetrahedral
deformation around the central Ni sites, ligand
geometries) in the actual CO calculations. The
solid-state electronic structures of the porphyrinato
nickel(IT) systems are not discussed in larger detail
in this context. For 1 we refer to [25, 26], for 2 and 3
to [48—50].

The organization of the present manuscript is as
follows: The theoretical background of the problem
(exchange matrix elements in the SCF HF CO
Hamiltonian and the total energy expression) is
presented in section 2. Additionally possible error
sources due to the numerical integration of the
intercell bond-order matrices Dy, (/) are shortly
touched. The subsequent part contains an analysis of
simple, clear model calculations. The &(k) structure
of a one-orbital model is investigated as a function of
the decay characteristics of the exchange potential.
Possible superposition-patterns of kinetic energy
effects via a single (nearest neighboring) matrix
element and LR contributions due to the exchange
are also discussed. The plain examples embrace
“sum curves” &(k) with opposite slopes of the
kinetic energy and the nonlocal exchange and
models showing possible interference effects be-
tween the two k-dependent contributions to the
CO Hamiltonian. The computational conditions
employed for the CO calculations of 2 and 3 are
shortly described in Sect. 4 while the j-dependence
of important band structure properties as well as
of the total energies of the two low-dimensional
nickel(II) chains are presented in the next para-
graph. It will be shown that the electronic exchange
leads to a broadening of the HF dispersions within
the filled Fermi-sea as well as to nonlinearities in
the ¢ (k) curves. Band-narrowing mechanisms due to
electronic correlations and electron-phonon cou-
pling antagonizing the exchange potential are the
subject of the following section. A summary and
general conclusions are given in paragraph 7.

2. Theoretical Background

The basic principles of the crystal orbital for-
malism have been described in the literature [51, 52]
and are thus not reviewed in larger detail in the

present context. Only those aspects are recapitulated
that are important in connection with the k-depen-
dence of the exchange energy as well as the hopping
matrix elements. The subsequent formulas refer to
the INDO approximation as defined within the
ZDO (zero differential overlap) hierarchy [30].
However, it can be shown that the exchange con-
tributions encountered in the simplified INDO
scheme are the leading terms of the electronic ex-
change in non-orthogonal (i.e. full overlap) CO
expansions [14].

A LCAO (linear combination of atomic orbitals)
representation of the canonical HF Bloch orbitals
is given by

(N=1) n

wik)y=N""2 3 ¥

Jj=0 u=1
~exp (ijk) cui(k) i (ra=J), ()

where / stands for a band index, N for the number
of unit cells and x4 (r4—j) for the x’'th atomic
orbital at the A’th site located in the j’th cell. The
variational . coefficients c,,;(k) depend paramet-
rically on the value of the crystal momentum k
and are derived by diagonalization of the Hermi-
tean pseudoeigenvalue problem

F(k) c(k) = e(k) c (k) . (6)

Equation (6) is already the ZDO formulation of the
general SCF HF CO eigenvalue problem. F (k) sym-
bolizes the Fock operator and the e(k) are the
diagonal Lagrange multipliers forming the canon-
ical HF bands. The Bloch vector k is a continuous
variable defined in the interval —n = k = + n where
the lattice constant ¢ has been identified with the
unit vector of the solid.

The k-dependent eigenvalue problems are coupled
via density matrices that are defined by

D, (k) =2 ¢ (k) (k) , (M
I1=1
2n

D;n'=N_I f D;n'(k) dk
0

2n occ
=N'{ [2 cki(k) e, (k) | dk (8)
=i

0

27 [ occ
=N'J [Z (R (k) el (k) + ¢l (k) C{I(k))] dk,
o Li=1
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2n

DE.(j)=N"'[ exp(£ijk) D, (k) dk
0

=_1’Vh| _‘Re
0

exp (X ijk)

’ (Z C/,T/(k) c\'/(’l‘-))jl dk . (9)

/=1

The formulas are valid for non-paramagnetic sys-
tems with completely filled bands leading to an
integration interval from —n to + 7 (i.e. 0 to 2n)
within the first Brillouin zone. The matrix D, (k) is
defined by the crystal orbital coefficients ¢ (k) and
¢,i(k) of the filled bands. D,, in (8) is the bond-
order matrix between the atomic orbitals y, () and
7. (rg) which are both localized in the reference cell.
Dy, (j) is the Fourier-transform of D,, (k) asso-
ciated to AO pairs y, (r4)/z,(rg —j) that are j unit
cells apart.

The density matrices D,, and Df‘,(j), respec-
tively, are evaluated by numerical integration. The
standard techniques are discrete summations or
Simpson’s quadrature. Other methods have been
reported and compared by Delhalle [53, 54]; they
are either based on the Gauss-Legendre quadrature
or a Filon scheme. It is the drawback of the former
(standard) integrations that they allow only for an
approximation of the whole integrand in (9) but
not of the A-dependent functions D, (k) which are
only known at the preselected number of k-points.
The elements D,,, (k) of (7) are fully periodic:

D, (k+2nn)=D,. (k).
n=t1 12 +3,.... (10)

Under certain conditions it is however indispensible
that convenient integration techniques (e.g.. discrete
summations, Simpson’s formula) give rise to arti-
ficial periodicities in the intercell elements Dfl,(_/).
Equation (9) can be rearranged into a sum of simple
“harmonic motions™ (integration procedure: Simp-
son’s rule):

Dy ()=N"|> A,(k,) cos(k,jtO)].
n=0 (11)

The amplitudes 4,, (k,) are determined by proper
combinations of the real and imaginary parts of the
CO coefficients (see (12)). The phase factor @ de-
pends on the ratio of the two summations entering

the equation

occ
A/n'(kn) = Z [ ((‘;}}/(kn) CIR/(kH) T C/I,[(l\’,,) C}'/(kn))
=1
+ (C;}}l(kn) C!‘l(kn) - C/Ill(kn) ClRl(kn)) ]
=[cRRll 58 CRIIR . (12)
0=CRRII/CRIIR_ (13)

It is obvious that Dy, (/). when derived via Simp-
son’s rule, is a periodic function with respect to j
where the periodicity amounts to 2k,; k, is the
number of A-points employed in the numerical
integration. Equation (11) shows thus immediately
that the relative errors of the integration are en-
hanced with increasing j-arrays relative to a given
grid of k-figures (see below). This behaviour of the
Df‘,(j) elements is known phenomenologically for
several years and lead to the formulation of quali-
tative rules, how to fix the number of neighboring
unit cells to an employed k-grid [4, 15, 53, 54].

In order to come to a clear representation of the
matrix elements of the Fock operator F,, (k) we
divide the various integrals in the AO basis into
k-dependent (FK,,(k)) and k-independent contri-
butions (F1,,):

F!“.(/\')=

Within the framework of the adopted INDO ap-
proximation we observe the relations (15) to (20)
for the diagonal and off-diagonal elements of the
mean-field Hamiltonian (R symbolizes the real and
I the imaginary part of FK,, (k)):

FKyq () = Fdy (14)

Ao
Fl,,=H,, + Z V;;iolﬁo + Z Dj3[J 1, — (1/2) Kiyoil
B o
Bo ’
+>.D;;J,

%0

t2

1o /0

A 4;B
Z ( Vuuolgj + V:I’JB%)

J B;
+ Dy D g+ J“J,,O)} - (15)
FIf=(3/2) Dy Ky — (172) Dy 0 (16)
FI/?\B: ,;10\'0— (l/z) Du\'J;Ao\'D: (17)

FK,, (k) =2 12008 (k )ty
j

— Cos (kj)D;/.l(,/.)J‘uo;l,]: (18)
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RFK, (k) = 2008 (K ) (tgy, + ty,00)

J

= (172) cos (k j) (D3 (/) I,

0vj

+ D3, () )]s (19)

FK,, (k) = 2 [sin (K J) (g, — 1)

J

— (172) sin (k /) [Pz, G) ey
— D3 (Dl (20)

H,, in (15) corresponds to the atomic one-electron
part (core Hamiltonian) of the HF operator, I{jf)"Bl? 1s
the electron-core attraction between the x’th AO at
atom A and the core of the B’th site of the refer-
ence cell. The first and second summations represent
the one-center and two-center electron-electron repul-
sions within the reference cell (j=0). J,,;, stands
for the Coulomb interaction between the charge
distributions  {z, (r4) 7 (ra) | and |z (r4) 7 (7))
while K, ;, is the associated (one-center) exchange
element. The first expression of the j-dependent
sum is the electron-core attraction between y, (r4) in
the reference cell and the B’th core in the ;’th cell.
The last elements in (15) define the k-independent
two-electron repulsions of the intercell-type. 7,,, in
(17) is the one-electron hopping integral (i.e. kinetic
energy operator) between the AO’s y,(r,) and
7, (rg) of the reference cell. The k-dependent matrix
elements are summarized in (18) to (20). The
diagonal of F (k) contains the cos (k j)-modulated
hopping integrals ¢,,,, and #, ,, respectively, which
fall off exponentially. Previous computational ex-
perience in the class of the metallomacrocycles has
shown that these “covalent” integrals drop down to
zero for interdeck separations exceeding ca. 3.8—4.0 A
[29]. The second elements in (18) are formally in-
tegrals of the Coulomb-type (J,,,) but must be
traced back to the antisymmetry of the HF deter-
minant. These integrals are the “exchange counter-
part” of the Coulomb repulsion (y, (74) xu(r4 = J)

and |y, (r4) x,(r4—j)) which is of course set equal
to zero in the ZDO framework. The J,,,,, integrals in
(18) fall off as 1/j and the decay of the k-dependent
exchange is therefore determined by the Fourier-
transformed charge-density-bond-order matrices of
(9). Similar combinations of hopping integrals and
two-electron interactions via the nonlocal exchange
are found in the real and imaginary parts of the off-

diagonal elements of the mean-field operator ((19)
and (20), respectively). The specific parametrization
of the various interaction elements in the afore-
mentioned equations is not important for the subse-
quent discussion. A detailed description of the ap-
proximations used in the adopted SCF HF INDO CO
scheme is reported in [30].

The exchange contribution E,, to the total energy
of the polymer, E\,, is given by

Ao Bo

Egy=— (1/4)22 Z ZDAZIV‘]#OVO

Ao Bo u v

J

Ao B
— {1y 3, 3, ¥, Y, XD 5L s (21)
B v

J Ao B; nu

where the first term stands for the electronic ex-
change within the reference cell and the second one
for the Fermi correlation between AQO’s that are

J unit cells apart. The total energy of the solid is

symbolically written in the form of (22). Ey, is
given by the sum of the hopping energies (E,),
electron-electron (E.) and core-core repulsions (E.),
electron-core attraction (E,) as well as the afore-
mentioned E,, contribution:

Enw=E+ E.+Ex+ E,+ Eq . (22)

All intercell interaction energies (with exception of
the exchange) which enter the rhs. of (22) are inde-
pendent of the matrix elements DZ, (). The relevant
formulas for the evaluation of E, are defined in [30].

The specific dispersion (k-dependence) of a HF
band is determined by the relative weight of the
cos (k j)-modulated hopping integrals (2 cos (k) —
t,.u,) and the exchange energy contribution
cos (k j) Dy, () Jyuou,» respectively (diagonal ele-
ments of the HF operator). The one-electron part
exceeds the latter sum in the case of strong covalent
interactions between adjacent unit cells. Then the
HF dispersions can be described in form of an
idealized tight-binding curve which is (exclusively)
determined by the nearest neighboring resonance
integral(s) 7,,, (j=1). The restriction to j=1 is of
course a direct consequence of the exp (—j) decay
of the kietic energy integrals.

Tight-binding regime:

fuows > D () J o+ (23)

FK,, (k) = 2 cos (kj) t,, - (24)



202 M. C. Bohm - The Nonlocal Hartree-Fock Exchange in Narrow-Band Materials

The j = | approximation for the one-electron part
of the crystal Hamiltonian is not longer valid in 1D
(or even more in 2D and 3D) systems with small
unit cell dimensions leading to short internuclear
contacts between atomic centers that belong to
different stacking units.

Weak intercell interactions (e.g., cluster struc-
tures, Van der Waals systems, donor-acceptor
stacks, “active fragments” separated by rigid site
groups, etc.) allow for a strong reduction of the
hopping elements while the detraction of the ex-
change energy is less pronounced. The physical
counterpart of the tight-binding regime (see (23)
and (24)) is defined in (25) and (26), respectively.
The analytic structure of a HF dispersion is now
controlled by the electronic exchange.

Exchange-controlled regime:

RS | D% (D gy | 5 (25)

FK,, (k)= =2 cos(kj) Dy, (Npoy,-  (26)
4

Whether or not exchange contributions beyond j = 1
are of significance in the expansion of (26) depends
on the decay properties of D3, (j)J,,- If we
make use of the rough approximation to measure
the j-variation of Dj,(j) by a constant ¢ (with
o < 1,see (27)),

p=| D=7+ D DED | 5 (27

then it is possible to express the asymptotic be-
haviour of the electronic exchange by the function
@j~!. Detailed ab initio CO studies of simple 1D
chains have shown that the magnitude of ¢ depends
critically on the interaction type (o, @ or 0
coupling), the stacking pattern of the polymer as
well as the spatial extension of the atomic orbital
wave function [7]. The fall-off parameter ;! deter-
mines the importance of cos(kj)-modulated ex-
change contributions to the mean-field potential
beyond j=1 (i.e., cos(2k), cos(3k). cos(4k),...,
etc.). The ¢(k) dispersion of an idealized tight-
binding band (derived in the nearest neighbor’s
approximation) is perturbed in proportion to the
influence of the long-range terms of the electronic
exchange. The elements beyond j =1 lead to non-
linearities in ¢ (k) diagrams due to the superposition
of higher-order Fourier components cos (k), cos(2k),
cos (3 k), etc. The second important consequence of
significant exchange matrix elements is of course a

broadening of the HF bands. The exchange-induced
contributions to the HF operator are preponderantly
restricted to ¢(k) modifications in the filled one-
particle space; this differs from the influence of the
kinetic hopping integrals determining the widths of
dispersion curves both in the filled and empty
Fermi-seas.

To demonstrate this divergent behaviour between
the kinetic energy contribution, on one side, and the
Fermi correlation, on the other, we assume that a
suitable unitary transformation of the Fock operator
allows for a representation that diagonalizes the
density matrix (occupation number representation).
The D,, elements are either 2 (filled bands) or 0
(empty bands). The (diagonal) elements of the HF
operator in this new basis are defined by

Floy=Huu+ >, VB + Y Dop[Jap — (1/2) Kyp]
B

b
+2.
j

0
.* e
> (Vabi+ VE)
B;

+ Duuz (J:b'lr']ha) > (28)
b

FKgq (]‘) = Z [COS (k]) (2t ts0)
—/(1/2) cos (k) Daa () Vi + Jad)]; (29)

2 filled bands,
0 empty bands .
Equation (29) shows immediately that the cos (k j)-
dependence of the “classical” tight-binding ele-
ments is not restricted to the filled HF bands but
spans the whole one-particle space. The D,, ele-
ments, on the other side, limit exchange-dependent
phenomena (i.e., broadening of the bands, non-
linearities) to the filled bands of the infinite system.
In the following we want to assume that HF solu-
tions according to (28) and (29), respectively, have
been derived for a given array of neighbors ().
Changes in the band structure properties due to
alterations in the j-grid can be monitored by using
first-order perturbation theory. For this purpose we
abbreviate the row-vectors of the AO’s by ;= (y,.
72....) while occupied and empty canonical HF
microstates derived for a preselected j-approxima-
tion are symbolized by . (k); and w; (k);. The
lower j-index has been adopted to label the j-
dependence of the Bloch orbitals. Then we can write

V/Occ(k)/:Z.(.Occ(k)/- (31)
l//\lr(’l")/ =X C\ir(k)/ s (32)

(30)

aa —
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W(k)j = (Woce (k)] Wyir (k)/)
=1 (Coce (K); | Cyir (K);) = - ¢ (k);. (33)

w(k); is the row-vector of all microstates with
crystal momentum k and ¢ (k) the unitary matrix
which connects the canonical microstates with the
AO basis functions. The modulation of these ele-
ments due to the exp (i k j) factor is trivial. Next we
suppose that the row-vector of the filled levels
derived in the j°th nearest neighbor’s approximation
(/% /) can be expressed in the form

Woee (k)= (Woce (K); | wir (K)y) (1| M (k)™")
= (Woce (k)/ Wyir (k)/) c (k)/'~ (34)

I is the unit matrix of proper size (the dimension
coincides with the number of occupied bands) and
M (k) corresponds to a mixing matrix between k-
dependent states in the filled and empty Fermi-seas;
M,y (k), e.g., 1s the mixing coefficient between the
a’th occupied microstate and the b’th empty one-
electron function. The j property is thereby ex-
pressed in terms of j-dependent parameters.

We can displayed the HF operator in the CO
basis derived with j neighbors in the lattice sum in
terms of a nearly diagonal basis by means of crystal
orbital coefficients ¢y (k); and ¢y, (k);, respectively,
that correspond to a CO approach with j adjacent
stacking units considered in the lattice sum:

F(k)j'z (coce (k)/ Cyir (k)_/)
= 0 (k)j'(cocc (k)j i Cvir (k)j) . (35)

In (35) we have used the symbol AO in order to
indicate that the mean-field operator on the rhs has
been defined in the AO basis. Equation (35) can be
rearranged into the equation

= ( Coce (k)/ FAO (k)i'cocc (k)/ I Coce (k)/ FAO (k)/'cvir (k)j)
Cuir (k) FAO () coce (K); | cuir () FAC ()i ()

containing projections occ/occ, vir/vir and occ/vir.
In the limit of sufficiently large j and j dimensions it
can be supposed that the occ/occ and vir/vir projec-
tions are in diagonal form; the crystal orbital coef-
ficients derived for j neighbors are pseudocanonical.
Adopting first-order perturbation theory it is pos-
sible to express the mixing coefficients M, (k) as

Mlb(k) = Fab(k)f-/(Fan (k)j._ be(k)f) s (37)

where F,, (k);, etc. are the occ/occ, etc. projections
of the mean-field operator in (36). Hence it is seen
that exchange-dependent effects caused by modi-
fications in the j~array are accompanied by a small
intermixing between filled and empty HF micro-
states associated to j nearest neighbors. Equations
(35) to (37) are consistent with D,, parameters that
are slightly smaller than 2 (derived for j neighbors)
and D, elements close to zero (D, > 0, a € occ,
b e vir). It is thus obvious that exchange energy
effects are largely restricted to bands in the filled
HF space. The approximate relations (28) to (37)
are valid in the case of weak intercell interactions
and CO microstates that depend not strongly on the
value of the wave vector &.

The asymptotic influence of the exchange oper-
ator to the total energy expression corresponds to a
¢*j' law (¢ < 1.0) in contrast to the ¢j~' decay
encountered in the exchange matrix elements of the
HF eigenvalue problem. Possible truncation errors
are therefore of minor significance as long as E\y, is
considered; they are enlarged for the analysis of
one-electron properties (i.e., band positions and
band widths). It is thus a rather paradoxial situation
that previous numerical studies were restricted to
interpretations of total energies (with their weaker
response to exchange-dependent phenomena) while
band structure properties, which are more in-
fluenced by the Fermi correlation, were not ana-
lyzed as a function of the exchange asymptotics.

On the basis of the foregoing discussion it is
obvious that ¢(k) relations of narrow-band materials
as derived in the SCF HF CO approximation
depend strongly on the asymptotic behaviour of the
electronic exchange and thereby on the j-depen-
dence of the Dy, (j) matrices defined in (9). Numer-
ical errors in the integration of D, (/) should cause
unphysical features in calculated band structure
properties. It is essential to dispose of a numerical
integration technique that allows for reliable ex-
tensions of the dimension of the lattice sum without
enhancing the relative errors. It will be shown that
attenuation factors 7; are a simple and efficient tool
to evaluate the Fourier coefficients of (9) [55].
A detailed analysis of the validity and the theo-
retical basis of this formalism will be given in a
separate contribution [56].

Equation (9) shows that the D3, (j) are the
Fourier coefficients of a function D,, (k) which is
not known analytically. The eigenvalue equations
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(6) render possible only a D,, 4-grid at the pre-
selected A-figures k, with k,=n=n/N (N is an
integerand n=0,+1,£2 x£3,...):

D;(\:/\‘ZD/tl'(kn)~ (38)

In order to find reliable approximations to D3, (/)
we make use of the method of trigonometric inter-
polation. The expansion coefficients of an inter-
polating polynomial are defined by

P;l\‘(k) = /f/u'.() £ /))/uzl e‘p(ll\)
+ B2 Q2ik)+ ..., (39)

P(kn) = Du\'.k s (40)
(N=1)
By =2mN"' Y D,iexp(—ijk,). (41)
n=0
The close correspondence between (41) and (9)
suggests to adopt the f,, ; coefficients as approxi-
mations for the desired D, (/) elements:

D/n-(j) =T /))ur./' @ (42)

In the case of standard interpolation schemes (e.g.,
Simpson’s rule, discrete summation) 7; is set equal
to 1 irrespective of the value of ;. It had been men-
tioned that this approximation leads to artificial
periodicities in the intercell density matrix elements
while the exact coefficients behave as
lim D,,(j))=0, (43)
Ji =% @
which follows immediately from the convergence of
the Fourier series

D, ()= 3 Di(j). (44)
j=—oC

The attenuation factors 7; of (42) depend only on the
interpolation scheme employed for P (k) but are
independent of the sequence of the D, ;. If linear
or cubic spline functions are used to approximate
D,.(k) between two subsequent k-points k, and
k1 [55. 56]. it can be shown that the 7; are given
by

1,=[(N/nj)sin (7 j/N)J? (45)
and
t,=3[sin(nj/N)/(nj/N)]*
[T+ 2cos?(nj/N)]", (46)
respectively.

Numerical studies have shown that the attenua-
tion factors are close to 1 if the k-points exceed the

Jj-array by a factor > 3 [57]. 7; is reduced to ca. 0.7

for mutual ratios of 2:1. The relative errors of
integration procedures without the t-attenuation
are then remarkably reinforced if j is furthermore
enlarged (relative to a fixed number of k-points).
Such possible numerical inaccuracies have not been
taken into account in several of the previously
published CO studies. Therefore we believe that
convergence properties sometimes have been pre-
tended that must be traced back to computational
round-off errors of the band structure calculations
but were by no means physical manifestations of
electronic structure effects.

3. Simple Model Calculations

In this section we investigate the ¢ (k) dispersion
of a single HF band as a function of the relative
magnitude of the hopping matrix elements and the
electronic exchange. For reasons of simplicity we
employ a one-orbital model; the k-dependent ele-
ments of the HF operator are thus exclusively given
by (18). With respect to ¢,,,, we apply a strict tight-
binding approximation, i.e. only the nearest neigh-
bor’s interaction is taken into account. Therefore
relation (18) is simplified to

FK,, (k) =2cos (k) ty,,
— > [c0s (k j) D () uon) - (47)
]

For the plain model we adopt a D}, (1)J,,,, element
of 0.5eV. The D;,(j)Jy,, figures beyond j=1
are evaluated by the interpolation
D;# (+ I)Juou,u: DL, (DY o
fe(E DU, (48)

The multiplicative factor f with f< 0.7 has the
property of a decay amplitude. /2 elements < 0.5
are necessary to guarantee the convergence of the
total energy of the model solid. (£ 1)V *! has been
included to simulate either alternating signs be-
tween adjacent D, (j) elements or Dy, (/) arrays
that decay monotonously (see [58]). The two ex-
pansions with (+ 1)+ and (= 1)U give rise to
dispersion curves that are connected by an inversion
at k= n/2; exchange-induced ¢ (k) variations at
the edge of the Brillouin zone for (—1)V*" cor-



M. C. Bohm - The Nonlocal Hartree-Fock Exchange in Narrow-Band Materials 205

respond to modifications at the zone center for
(+1HY*D and vice versa. We have considered
f factors of 0.25 (A), 0.45 (B) and 0.65 (C) which
simulate different conditions of the decay of the
electronic exchange. The subsequent examples cor-
respond to an alternating decay potential controlled
via (— 1)U +D,

Three representative ¢(k) diagrams for A are
summarized in the Figs.2 (j=1), 3 (j=2) and 4
(/=4). The numbers in parentheses indicate the
employed neighbor’s approximation. The plot in
Fig. 2 with j=1 shows the well-known idealized
tight-binding relation. Additional elements ;=2
and j =4 allow for a broadening of the dispersion
curve and lead furthermore to a flattening of the

e(k)
[eV]H

Fig. 2. Idealized tight-binding band associated to the ex-
change model A derived in the nearest neighbor’s approxi-
mation (j=1)."

HF band in the neighborhood of the I"-point but to
enlarged energy gradients in the second half of the
Brillouin zone.

These deformations of the ¢ (k) curves are rein-
forced in example B. The dispersions determined by
the exchange potential of (47) are displayed in the
Figs.5 (j=2), 6 (j=3) and 7 (j=4). The in-
creasing Dy, (j)J,, elements for j > 1 are respon-
sible for the remarkable nonlinearities in the first
half of the Brillouin zone. The negative slope (near
the I-point) of the ¢(k) curve in Fig. 5 must be
traced back to the j=2 term in (47) or (48), re-
spectively. The increasing LR exchange contribu-
tions in B make the details of a given dispersion
strongly dependent on the dimension employed for
the lattice summation (e.g. effective mass param-
eters at certain k-points). The total width of the
band is less influenced by the j-array.

The last series of ¢(k) diagrams (only exchange
contributions) is given in the Figs. 8 to 11. The dia-
grams are based on the decay potential C and cor-
respond to j=2, 3, 4 and 5, respectively. The in-
version symmetry of an idealized tight-binding
band at k=1 n/2 is completely perturbed. The
e(k) curves show “oscillations” for small crystal
momenta; increasing ¢ (k) gradients, on the other
side, are predicted for larger values of the wave
vector k. A fine grid of k-points is essential for an
accurate representation of the HF dispersions.

Figure 12 symbolizes the modifications in the
density of states distribution, N (E), as a function of
increasing LR exchange terms. The N (E) histo-
gram at the extreme left (two identical N (E) maxi-

e(k) e(k)
[eV]] [eVI[
08/ 08
06 08}
04f 04
02 02
00 00
-02} -02
-041 -044
~08l- -06[
-8 -0.8:—
1zl 1ol

Fig. 3. Dispersion of the exchange

model A with j = 2.

Fig. 4. Dispersion of the exchange

model A with j = 4.

€(k)

(eV]
08

06
04
021

Fig. 5. Dispersion of the exchange

model B withj = 2.

T
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Fig. 6. Dispersion of the exchange Fig. 7. Dispersion of the exchange Fig. 8. Dispersion of the exchange
model B with j = 3. model B with j = 4. model Cwithj=2.
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Fig. 9. Dispersion of the exchange
model C with j = 3.

ma (singularities) associated to k=0 and k=% 7n)
is typical for the nearest neighbor’s approximation.
The additional exchange contributions beyond j = 1
enlarge the width of the DOS distribution. In
addition they reduce the N (E) peaks caused by the
microstates at the top of the band but increase
simultaneously the k = 0 maxima.

In the dispersion curves of the Figs. 2 to 11 only
the exchange-dependent contributions to the net HF
dispersions have been considered as a function of
the decay parameter /. In the subsequent figures

Fig. 10. Dispersion of the exchange
model C with j = 4.

Fig. 11. Dispersion of the exchange
model Cwithj=>5.

¢ (k) relations are presented that contain the super-
position of the two k-dependent terms entering the
rhs. of (47). For this purpose we adopted exchange
model C in the fifth nearest neighbor’s approxima-
tion (see Figure 11). Net HF dispersions are dis-
played in the Figs. 13 and 14 which are based on
this exchange potential and resonance integrals 7,
typically found in narrow-band materials. The
employed 7,,,, elements are —0.125 eV and —0.375¢V,
respectively. The curves in Fig. 13 result from the
superposition of resonance and exchange disper-
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Fig. 12. Modification of the density of states distribution,
N (E), due to increasing long-range terms of the elec-
tronic exchange (from the lhs. of the figure to the rhs.).
The first histogram corresponds to the N (E) distribution
derived for an idealized tight-binding relation in the
nearest neighbor’s approximation. The N (E) maxima as-
sociated to k = * 7 are reduced with an increasing strength
of the exchange potential while the density of states
maximum caused by the bottom of the band (k =0) is
raised. The schematic N(E) histograms are valid for the
dispersions which are plotted in the Figs. 2 to 11; alter-
nating signs between adjacent D, (/) elements have been
assumed. Intercell bond-order matrices that decay mono-
tonously lead to an interchange of the two (inequivalent)
N (E) maxima determined by the DOS distributions at the
top and bottom of the band.

€(k)
[eV]r

Fig. 13. Superposition of the k-dependent hopping and ex-
change matrix elements of the one-orbital model defined
in (47). We have employed exchange potential C in the
fifth nearest neighbor’s approximation. The (k) curve
labelled by triangles corresponds to the “sum curve” of the
adopted exchange model combined with a nearest-neigh-
bor hopping matrix element #,,,, of —0.125 eV. The &(k)
relation marked by full circles 1s derived for a resonance
integral of —0.375 eV. The gradients of the exchange and
one-electron contributions to (47) differ (exchange: po-
sitive gradient over the whole Brillouin zone, kinetic
energy: negative gradient).

€(k)
(eV]-

-10

T

Fig. 14. Superposition of the k-dependent exchange and
hopping matrix elements displayed in Fig. 13 but with
positive gradients of both k-dependent contributions to the
mean-field potential defined in (47).

Fig. 15. Superposition of the k-dependent hopping and
exchange matrix elements of the one-orbital model defined
in (47). In analogy to the Figs. 13 and 14 the exchange
potential C with j=35 has been used as common one-
electron potential. The @ symbols correspond to a 1, ,,
element of —0.5eV, Ao to —2.5e¢V and m to —5.0eV.
A negative gradient in the dispersion of the kinetic
hopping integrals has been employed.
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Fig. 16. Superposition of the k-dependent exchange and
hopping matrix elements displayed in Fig. 15 but with
resonance integrals defining a positive energy gradient.

sions of opposite slopes (exchange part: positive
slope; one-electron integral: negative slope). Addi-
tive interference effects are schematized in Figure 14.
The individual gradients are both positive.

Figure 13 shows impressively the strong perturba-
tions of the 2cos(k)t,,, element due to the k-
dependent two-electron potential. Small modifica-
tions in the magnitudes of the hopping and ex-
change contributions to the mean-field operator lead
to significant changes in the shape of the &(k)
curves. Possible deviations from an idealized tight-
binding behaviour are reduced due to the condi-
tions displayed in Figure 14. CO calculations based
on a coarse grid of k-points may lead to the (in-
correct) impression that these HF bands can be well
described by a simple tight-binding relation.

Sum curves (exchange plus hopping contribution)
for one-electron matrix elements 7, =— 0.5, —2.5
and —5.0 eV are shown in the Figs. 15 and 16. The
first display corresponds once again to the combina-
tion of opposite gradients of the one- and two-elec-
tron potentials of (47). Figure 16 is the “broad-
band” counterpart of Figure 14. The k-dependent
perturbations of the HF bands are partially sup-
pressed due to the enlarged resonance integrals. The
exchanged-induced nonlinearities are hidden in the
two examples with ¢, ,, =—2.5 and —5.0eV. The
onset of the LR exchange terms appears in the ¢ (k)
curve with 7, ,, =—0.5eV. Once again it has to be
mentioned that unreliable dispersion curves are

derived in CO approaches with an imbalanced
number of k-points.

The phenomena discussed in this paragraph are
only observed in CO variants based on the SCF HF
approximation where (nonlocal) exchange poten-
tials are properly taken into account. They are of
course not part of one-electron schemes of the WH-
or EH-type. In principle it is possible to detect these
nonlinearities etc. also in tight-binding methods
defined in the framework of the local density ap-
proximation (LDA) [59]. The employed [o(r)]"/>
potential (free-electron exchange), however, should
diminish the onset of this two-electron control in the
CO scheme.

4. Computational Details

In the CO calculations of the employed porphy-
rinato nickel(Il) models 2 and 3, respectively, a grid
of 10 k-points has been adopted. Lattice sum
dimensions from j= 1 (nearest neighbor’s approxi-
mation) to j=35 were considered. The above de-
scribed attenuation factors 7; have been used for the
numerical integration of the charge-density-bond-
order matrices; we made use of (46) which is valid
for cubic spline functions.

For reasons of computational simplicity we have
restricted the tight-binding analysis to non-para-
magnetic (unoxidized) states of the complex 1D
materials; the HF-bands are thus either completely
filled or empty. The severe numerical problems
already encountered in partially oxidized chains
with smaller stacking units have been mentioned
in [27, 60, 61]. An accelerated Hartree damping
algorithm of the charge-density-bond-order matrices
has been used throughout the iterative SCF steps in
order to prevent shell (band) swapping between the
occupied and virtual one-particle levels [62]. SCF
band states have been selected on the basis of one-
electron calculations of the WH-type. Several
(band) occupation patterns of 2 and 3 were iterated
up to a SCF energy criterion of 10~% au. The results
in the next section correspond to those mean-field
solutions that are lowest in energy.

The experimental X-ray parameters of 2 [35] and
3 [36] have been used in the CO calculations. All
band structure calculations were performed at
eclipsed structure with a torsion of 0° between
direct neighbors. The experimental stacking pattern
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of 2 and 3, however, corresponds to a staggered
1D arrangement with an angle # 0°. Model calcula-
tions have shown that the rotational barriers of 2
and 3 are very flat [50]; the relevant one-particle
properties of the Ni(II) porphyrines are also not
strongly changed due to a mutual intercell rotation.
The accepted 0° geometry warrants furthermore the
conservation of maximum symmetries of the CO
wave functions in k-space. A standard bond lengths
of 1.1 A has been adopted for the CH bonds of 2
and 3 [63].

5. Exchange-Influence on Band Structure Properties
of 2and 3

In the subsequent CO calculations the labels 2
and 3 are used to abbreviate the weakly and highly
puckered porphyrinato nickel(Il) polymers. The
common 1D skeleton, however, corresponds to the
unsubstituted small-ring system 4. The total ener-
gies (normalized to one unit cell), E,y, of 2 and 3
are shown in the Figs. 17 and 18 as a function of the

E tot
[eV]
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-4742.0

-4743.0

-4744.0

-4745.0
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1 1 1 1 1 m
1 2 3 4 5 ©
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Fig. 17. Total energy E,, of 2 in the framework of the
semiempirical SCF HF INDO CO scheme as a function of
the number of adjacent unit cells considered in the lattice
sum (j=1toj=35). Ey, for j=0 corrresponds to the HF
energy of the free Ni(P) molecule. The broken curve sym-
bolizes E,, where the nearest neighboring hopping inter-
action has been removed (—2.581 eV). This curve describes
therefore the j-dependence of the electronic exchange.

lattice sum dimension j. Additionally net HF ener-
gies of the discrete molecules 2 and 3 (i.e. j = 0) are
included in the display. The j-dependence of Ey
indicates the superposition of the aforementioned
intercell coupling mechanisms: the fast decay due to
the short-range kinetic hopping integrals as well as
the exchange potential which converges slower. The
analytic difference between the k-dependent one-
and two-electron parts of the crystal Hamiltonian is
quantified in Table 1 containing intercell energies
Eier Which have been divided into E, (resonance
interaction), E., (classical electrostatic interaction
energy; sum of electron-electron and core-core re-
pulsions and electron-core attraction, E,, = E .+
E..+ E,) and the exchange potential E.,. We have
summarized only elements derived in the fifth
nearest neighbor’s approximation (intercell poten-
tials from the nearest to the fifth nearest neighbor-
ing moiety). The coupling energies evaluated in CO
calculations with j=1 to j=4 are nearly identical
with the results of Tab. 1; the individual contribu-
tions to E,, are highly additive and quite inde-
pendent from the employed j-array [22].

E tot
CeV]

T

-4730.0

-4731.0

T

-4732.0

-4733.0

-4734.0

-4735.0

i)

Fig. 18. Total energy E,, of 3 in the framework of the
semiempirical SCF HF INDO CO scheme as a function of
the number of adjacent unit cells considered in the lattice
sum (j=1 to j=35); see legend Fig. 17. The removed
hopﬂr;g interaction in the broken curve corresponds to
—1.447 eV.
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The classical Coulomb energies of the two un-
charged systems are of course negligibly small in
comparison to E, and E.,. The interaction energy
with the nearest neighboring units j= % 1 is pre-
vailingly determined by the one-electron part of the
HF operator. The hopping matrix elements beyond
the direct neighbors, however, drop down to zero
in both polymers. The 0.322 A elongation by going
from 2 to 3 is accompanied by a 44% reduction of
the kinetic intercell contribution. The magnitude of
the exchange potential, on the other side, is not
significantly modified due to the increasing inter-
deck separation. The E., figures of 2 and 3 are
roughly comparable.

Table 1. Fragmentation of the net intercell energies Ejy.,
of 2 and 3 into resonance (E,), classical electrostatic (E,,)
and exchange (E,,) contributions according to INDO CO
calculations derived in the fifth neighbor’s approximation.
Einer is divided into interaction energies between the
reference cell and the first, second, etc. adjacent neighbor
(j==*1,% 2 etc.). All values in eV.

Model / El Ecou Eex Einler

2 1 —2.581 0.022 —0.887 —3.446
2 —0.004 —0.031 —0.365 —0.400
3 = -0.013 —0.247 —-0.260
4 = —0.007 -0.167 -0.174
5 = —0.004 -0.113 -0.117

3 1 —1.447 -0.019 —0.770 —2.236
2 —0.001 —0.026 —0.336 —0.363
3 = —0.011 —0.227 —-0.238
4 = —0.005 —0.153 —0.158
5 = —0.003 —0.104 -0.107

Artificial periodicities or local E;,., maxima be-
yond j =t 1 are not found in the theoretical results
summarized in the Figs. 17 and 18 or Table 1, re-
spectively. The employed computational conditions
guarantee convergent lattice sums in both model
stacks 2 and 3. The intercell potentials of the inter-
action between the reference cell and the fifth
neighbouring molecule are reduced to figures
smaller than 3 kcal. These interaction elements ex-
ceed the adopted SCF energy criterion by only one
order of magnitude.

Atomic net charges g, [64] of 2 and 3 are sum-
marized in Table2. The g4 numbers have been
derived in five separate CO calculations spanning

j-arrays from 1 to 5. The charge distribution (deter-

mined by the intercell bond-order matrix of (8)) is
already stabilized for CO schemes based on the
third nearest neighbor’s approximation. But even
the g4 modifications observed in the step from

j=1to j=2are smaller than ca. 0.5%.

Important band structure properties of 2 and 3 as
a function of the lattice sum dimension j are given
in Table 3. We have collected the ¢ (k) values of the
conduction (¢) and valence () bands of the un-
oxidized materials at the marginal k-points I” and
X. The corresponding ¢ (k) figures of (v —1) are
also given in the table. 4¢ is the width of the HF
dispersion and 4Eg the forbidden band gap. The
numerical results in Table 3 show the marked /-
dependence of certain one-electron properties in
contrast to the j-independent ¢, spectrum of
Table 2. The exchange influence on band structure

Table 2. Atomic net charges g, of the porphyrinato nickel(II) models 2 and 3 as a function of the
lattice sum dimension j according to the semiempirical SCF INDO CO formalism. The atomic

numbering scheme is given in Figure 1.

Model Atom j=1 j=2 j=3 j=4 j=5

2 Ni 1.2270 1.2304 1.2313 1.2316 1.2317
N —0.6520 —0.6472 —0.6458 —0.6453 —0.6450
C=C 0.3238 0.3251 0.3253 0.3254 0.3255
G =G —0.1733 —0.1759 —0.1767 —-0.1770 -0.1771
Cs —0.3313 —0.3310 —0.3310 —0.3310 —0.3310
H,=H; 0.1284 0.1273 0.1271 0.1270 0.1270
Hs 0.1187 0.1177 0.1175 0.1174 0.1174

3 Ni 1.2379 1.2394 1.2398 1.2399 1.2400
N —0.6609 —0.6592 —0.6587 —0.6585 —0.6584
C =C4 0.3249 0.3254 0.3256 0.3256 0.3256
G, =G5 —0.1774 —0.1786 —0.1790 —0.1791 -0.1792
Cs —0.3202 —0.3200 —0.3200 —0.3200 —0.3200
H,=H; 0.1307 0.1302 0.1301 0.1301 0.1301
Hs 0.1154 0.1153 0.1153 0.1153 0.1153
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Table 3. Band structure properties of 2 and 3 as a function of the lattice sum dimension j. We
have summarized the band energies of the conduction (¢) and valence (v) bands at the marginal
k-points k =0 and k = m; (v — 1) 1s the band below the valence band. 4¢ corresponds to the width
of the HF dispersions. 4Eg symbolizes the forbidden band gap of the unoxidized non-para-

magnetic materials. All values in eV.

Model =1 j=2 j=3 j=4 J=:d
2 &(0) —2.125 —1.985 —~1.931 —1.896 —1.880
& (m) —2.893 —2.772 —2.708 —-2.674 —2.655
Aée, 0.788 0.785 0.777 0.778 0.774
& (0) —6.352 —6.082 —6.121 —-6.012 —6.056
& (m) —7.365 —7.096 —6.936 —6.827 —6.747
de, 1.013 1.015 0.926 1.075 1.080
& —1)(0) —8.145 —7.865 —7.906 —=7.795 —7.840
&p—1)(m) —9.044 —8.745 —8.575 —8.462 —8.380
Je 1) 0.900 0.902 0.885 1.001 0.992
AEg 3.44 3.31 3.41 3.34 3.39
3 &(0) —2.583 —2.492 —2.457 —2.435 —2.424
& (m) —2.650 —2.559 —2.518 —2.496 —2.483
Ade, 0.074 0.068 0.061 0.062 0.061
& (0) —7.015 —6.806 —6.860 —6.769 —6.814
& (m) —6.831 —6.622 —6.491 —6.399 —6.330
Ae, 0.193 0.283 0.395 0.480 0.509
& —1)(0) —8.388 -8.170 —8.226 —8.133 —8.179
& —1y(m) —8.589 —8.367 —8.232 —8.139 —8.068
z}e 3 —1) 0.201 0.403 0.374 0.476 0.499
A4 4.17 4.06 3.97 3.90 3.85
AeyleV] The calculated band width in the fifth neighbor’s
r scheme leads to 82% of A4eX while the j=1 ap-
08 proximation gives only 32% of the extrapolated
r e = 0625eV “exact” HF dispersion. One-electron calculations
a5 of the WH-type predict a nearly dispersionless ¢ (k)
04-_ > curve (band width: ca. 0.05 eV).
A On the basis of the material of Table ! and
02l guided by the above mentioned WH band width it
L is clear that the j-dependent broadening of the
L B WY B occupied dispersion curves is exclusively caused by
fo o)

J
Fig. 19. Width of the valence band (v), 4d¢,, of 3 as a
function of the lattice sum dimension employed in the
semiempirical SCF HF INDO CO approximation. d¢* is
the “exact” HF band width corresponding to an extra-
polationto N — oo.

parameters is extremely important in the highly
puckered porphyrinato Ni(I) model 3 but is re-
duced in 2 with the enlarged hopping matrix ele-
ments. The valence band of 3 is broadened from
0.19eV (j=1) to 0.51eV (j=15). A similar 4e
interval is predicted for the second highest filled
band (v —1) (0.20 eV — 0.50 eV). Both dispersion
curves are formed by =z orbitals of the macrocyclic
ligand frames [25, 26, 48, 49]. An approximate
graphic extrapolation of A¢, to N — oo is dis-
played in Figure 19. 4¢* amounts to ca. 0.625 eV.

the exchange part of the mean-field operator. In
accordance with the theoretical analysis in section 3
the width of the lowest unfilled band (c¢) is not
strongly influenced by the extension of the lattice
summation. On the other side, it can be seen that
changes in the j-array are accompanied by shifts of
the absolute positions of the HF bands that are
roughly comparable in the filled and virtual Fermi-
seas. The center of gravity of the filled bands of 2 is
shifted by ca. 0.45 eV to higher energies (3: 0.35 eV),
the conduction band of Ni(TMP) is destabilized by
0.25eV (3:0.16 eV).

The exchange-influence on the Ae¢ figures of 2 is
much smaller. The width of the two highest filled
bands is enlarged by only ca. 10% if the lattice
summation is extended from the nearest neighbor’s
approximation to j = 5. The absolute magnification
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of A¢,. of 2 due to LR exchange contributions is less
than 0.1 eV while a 0.3 eV correction (j=1—j=5)
is predicted in 3. An explanation of the weaker j-
dependence of Ae. of 2 as compared to 3 is given
below

The band gap 4E¢ is also a function of the spatial
extension of the exchange summation. The theo-
retically determined variation of AEG (= A4Eg) in 2
as a function of j is smaller than 0.15eV. Larger
modifications are encountered in the highly puckered
Ni(II) model 3. The nearest neighbor’s scheme leads
to a forbidden gap of 4.17 eV, this value is reduced
to 3.85 eV if five adjacent building blocks are taken
into account. The j-dependence of 4E¢ of 3 is dis-
played in Figure 20. A rough extrapolation to
N — oo results in an “exact” HF band gap of
3.75 eV. The proper treatment of the electronic ex-
change reduces 4Eg by an amout of 0.42 eV. Such
uncertainties cannot be neglected in semiconducting
materials with energy gaps of the order of some
tenth of an eV. Reliable approximations for the
determination of the exchange potential (i.e. spatial
extension of the lattice summation) are therefore an
absolute prerequisite in SCF HF crystal orbital
approaches to semiconductors with narrow disper-
sion curves.

The ¢ (k) dispersions of the valence bands (v) of 2
and 3 are graphically shown in the Figs. 21 and 22.
The numerical results of five separate tight-binding
calculations per 1D stack are collected in the two
displays. The exchange-induced nonlinearities of
the HF bands of 3 exceed the perturbations in 2.
But even in the Ni(TMP) model 2 significant devia-
tions of the ¢(k) curves (reference: idealized tight-
binding relation in the nearest neighbor’s scheme)
are predicted as soon as the lattice summation is
extended beyond the direct neighbors. The Ni(TMP)
chain i1s an example in the class of narrow-band
materials showing opposite slopes of the k-modu-
lated resonance and exchange energies. These con-
trary effects lead to the turn of Ve(k) at larger
values of the wave vector k (j # 1, see Figure 21).

Stronger nonlinearities and deviations from usual
tight-binding curves are found for the valence band
of 3 (Figure 22). The reduced one-electron part of
the CO Hamiltonian allows for an amplification of
exchange-dependent phenomena. The various ¢ (k)
curves in Fig. 22 are not unlike to the dispersions
presented in connection with the model calculations
of Section 3. The ¢(k) curve associated to the j =1

AEglev)
450
425
4001
DEZ=375eV
2 | M S N R O OO AR e
12 3 4 56 ©

J
Fig. 20. Forbidden band gap 4E¢ of 3 as a function of the
lattice sum dimension employed in the semiempirical
SCF HF INDO CO approximation. 4EZ is the “exact” HF
gap which has been extrapolated to N — o0.
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Fig. 21. HF dispersions of the valence band of 2 as a func-
tion of the lattice sum dimension j. On the lhs. ¢(k) rela-
tions derived for ungerade j-arrays (=1, 3 and 5) are
shown while the gerade members (j =2 and 4) are col-
lected on the rhs. The idealized tight-binding band with
j=1 has been labeled by full circles, the j =3 curve by
squares and the j = 4 dispersion by triangles. Rhs.: j = 2: @;
j=4m
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Fig. 22. HF dispersion of the valence band of 3 as a
function of the lattice sum dimension j. See legend
Figure 21.
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SO

Fig. 23. Schematic representation of the CO amplitudes of
the highest filled band of eclipsed porphyrinato nickel(II),
Ni(P) (top). In the middle we have schematized the inter-
action between the 7AO’s at C; and C4 or C, and C;j,
respectively, into the direction of the stacking axis in the
limit of small (vanishing) puckering deformations around
the central Ni sites. The ["-states are determined by anti-
bonding linear combinations of n orbitals localized at
neighboring building blocks. The X-states are character-
ized by in-phase interactions between topologically identical
ligand atoms in adjacent stacking units. Bottom: n-7 inter-
action into the direction of the 1D axis for highly puckered
ligand rings. The out-of-plane deformation allows for
stabilizing interactions between C; (;th cell) and C4 (cell:
j £ 1) etc. at the I'-point but leads to antibonding relations
at the edge of the Brillouin zone. It is thus clear that the
tight-binding (one-electron) interaction in 2 and 3 is
responsible for different energy gradients. The broken lines
in the two lower representations symbolize the mean-
planes of the pyrrole rings.

approximation indicates the presence of positive
interference effects of both k-dependent contribu-
tions to the HF operator. The gradients associated
to the one- and two-electron potentials are positive.
The divergent ¢(k) relations derived for the
valence bands of 2 and 3 can be explained on the
basis of Fig. 23 which contains a schematic repre-
sentation of the CO amplitudes of the highest filled
band in the porphyrinato nickel(II) series. The CO
microstates of ligand 7 character transform accord-
ing to a;, symmetry if the irreducible representa-

tions of the spatial point group Dy, are employed
(a under C,;, symmetry). The phases of the 7 orbit-
als allow for a stabilization of 2 cos(k j)t,,, with
increasing values of the k vector (small or vanishing
puckering modes around Ni assumed). The I'-states
of (r) are therefore determined by antibonding
7 interactions between topologically identical ligand
centers in adjacent stacking units. In-phase relations
between the 7 AO’s are allowed at the X-point. The
tight-binding matrix elements create a dispersion
pattern with a negative gradient. This is schema-
tized in the middle of Figure 23. Strong puckering
deformations within the Ni(P) units are accom-
panied by reductions of the internuclear separations
between C; (j’'th cell) and C4 (£ 1) or C, (j'th
cell) and C;5 (j = 1) etc. that belong always to neigh-
boring molecular building blocks. The symmetry
properties of the a;, (a,) crystal orbitals within the
pyrrole rings (i.e. antisymmetric behaviour with
respect to the mirror plane spanned by N and
C,/C;) allows for stabilizing interligand interactions
at I" while out-of-phase relations are encountered at
the edge of the Brillouin zone. The relevant inter-
cell coupling is schematized at the bottom of
Figure 23. The opposite gradients of the valence
bands of 2 and 3 are thus a direct consequence of
the increasing tetrahedral deformation around Ni
in 3.

The exchange contributions to the HF operator
lead of course to an increase in the width of all
filled bands. This is verified in Table4 for the
occupied “Ni 3d bands” of the 3d® (Ni 3do=
3d.., 3dn=3d,./3d,., 3do=3d,>_,2) systems 2
and 3. We have summarized the net energy inter-
vals A¢ where microstates with predominant 3da,
3dn and 3dd amplitudes are found. The A& ele-
ments are therefore not necessarily identical with
the width, de, of a single HF dispersion as k-
dependent hybridization with ligand bands allows
for distributions of the relevant “Ni 3d states” over
several energy bands (see discussion in [29]). For
the 3do states two Ae¢ intervals have been given in
Table 4. The splitting into two energetically sepa-
rated Ni 3d blocks results from strong covalent inter-
actions between the 3d.. AO’s and lone-pair orbit-
als of the N ligands. This coupling leads to one ¢ (k)
region characterized by bonding (B) in-phase inter-
actions between the central site and the nitrogen
atoms as well as to an antibonding (AB) out-of-
phase counterpart [48, 49].
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Table 4. Band structure properties of the four occupied
“Ni 3d bands” 3dg (=3d.:), 3dn (=3d,./3d,.) and 3dJ
(=3d2_,2) of 2 and 3 as a function of the employed
j-array. Only the results for j =1, 3 and 5 are given in the
table. We have summarized the band energies at the
marginal k-points I” and X. The 4e labels correspond to
those energy intervals where microstates with large Ni 3d
amplitudes are found. The A& elements are not always
identical with the width of a single ¢ (k) curve, 4e, as the
3d microstates are sometimes smeared over several HF
bands (i.e. hybridization with ligand bands). In the case of
the 3do states two 4e intervals have been given in the
table; the first one corresponds to an antibonding (AB)
linear combination with ligand orbitals, the second one to
the in-phase, bonding (B) counterpart (see text). All values
ineV.

Model j=1 j=3 j=5
2 3do=3d.- AB ¢(0) —-12.08 —11.81 —11.73
e(n) —11.39  —10.86 —10.66

A 0.69 0.95 1.07

B ¢(0) —14.87 —1458 —14.5]

e(m) —14.15 —13.67 —13.47

Ae 0.72 0.91 1.04

3dn=3d,./3d,. e(0) —13.63 —13.29 —13.21

’ e(m) —12.89 —1235 -—12.14

Ae 0.74 0.94 1.07

3do=3d,_,e e(0) —13.36 —13.10 —13.02

’ e(m) —12.81 -—1225 -12.04

A¢ 0.55 0.85 0.98

3 3do=3d.. AB £(0) —1228 —12.10 —12.05
e(m) —11.65 —11.27 —11.11

Ade 0.63 0.83 0.94

B ¢(0) —1499 —1482 —14.77

e(m) —1461 —14.03 —13.86

d¢ 0.38 0.79 0.91

3dn=3d,./3d,. e(0) —1399 —13.86 —13.76
' e(n) —13.14 —12.81 —12.60

Vip 0.85 1.05 1.16

3d =3de_ye e(0) —13.61 —13.42 —13.38
’ e(m) —13.09 —1271 —12.55

Te 0.52 0.71 0.83

The numerical results in Table 4 are in line with
the foregoing discussion, i.e. the Ni 3d distributions
in 2 and 3 are broadened under the influence of the
electronic exchange. The width of the variation,
however, is smaller than the Ae¢ intervals given in
Table 3. This is expected as a result of the various
forbidden crossing regions of the ¢(k) curves (i.e.
metal-ligand hybridization) that lead to an intrinsic
(j-independent) magnification of the distribution of
certain CO microstates.

To sum up, the numerical CO data presented in
the Sects. 3 and 5, respectively, allow for the for-
mulation of general conclusions that are neither
restricted to specific classes of narrow-band materials
nor subject to the theoretical details of the em-
ployed SCF HF CO variant:

1) The HF energy bands (of narrow-band mate-
rials) are broadened via the k-dependent exchange
contribution to the HF operator. This two-electron
effect is restricted to the filled bands of the polymer
or solid and goes beyond the nearest neighbors. The
exchange-dependent increase of HF band widths
exceed the dispersions via the kinetic hopping terms
up to one order of magnitude in the limit of small
(or vanishing) covalent interactions between ad-
jacent stacking units.

2) The broadening of the band width is accom-
panied by strong perturbations of the structure of
the (k) curves (reference tight-binding band). Ir-
respective of the adopted j-array enlarged gradients
are encountered in the neighborhood of the X-point
(I-point) while flattened e(k) intervals are pre-
dicted in the vicinity of the zone-center (zone-edge).
The former band shape is valid for D7, (j) matrices
that decay monotonously while oscillating (alter-
nant) intercell bond-order matrices create the dis-
persion pattern given in parentheses.

3) The restriction to finite neighbor’s approxima-
tions, which are part of all numerical CO investiga-
tions of “real solids”, is responsible for nonlineari-
ties in the HF bands. This makes one-electron prop-
erties at a certain k-point strongly dependent on
the dimension of the lattice summation. Effective
mass-parameters or group velocities calculated at a
given k-point thus may be wrong even for quali-
tative purposes. Such numerical errors are restricted
to k-dependent properties associated to microstates
of the solid. Sufficiently extended lattice summa-
tions render possible accurate evaluations of total
energies (within a preselected computational frame-
work) and fair results of averaged one-electron
properties (integration over the k-figures in the
Brillouin zone; e.g., band widths, absolute positions
of HF dispersions). A necessary prerequisite to guar-
antee a numerically reliable access to these theo-
retical figures is however an integration procedure
for the Di.(j) which prevents increasing relative
errors with enlarged separations between the inter-
acting cells.

4) The “oscillations™ (higher Fourier components)
in some of the (k) diagrams in the sections 3 and 5
must be traced back to the truncations in the ex-
pansion of the exchange potential; they vanish in
the limit N — oo and are smoothed by electronic
correlations (see below).
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5) The analytic structures of HF dispersions of
narrow-band materials are intermediate between
the ¢ (k) relations of idealized tight-binding bands
(determined by the dominating one-electron part of
the mean-field operator with its exponential decay),
on one side, and metallic systems, on the other.
Divergent &(k) gradients at the Brillouin zone
characterize the “exact” HF solutions of metals.
Numerical sources preventing the detection of this
behaviour have been discussed by Monkhorst [13].

6) The occurrence of the exchange-dependent
perturbations of HF bands is restricted to solids or
polymers with narrow dispersions (ca. =1 eV). En-
larged band widths via covalent resonance integrals
allow for a (perfect) masking of the exchange in-
fluence.

6. Retardation of Exchange Contributions via
Electronic Correlations
and Electron-Phonon Coupling

On the basis of uncorrected mean-field values 4¢,
for 1 (de, = 2.340 eV, see Ref. [26]), 2 (4¢e,=1.080¢eV)
and 3 (d¢,=0.625eV) operational parameters g
(correlation strength) are derived that are in strong
contradiction to the experimental deductions of the
Refs. [34—37]:

g=U/4t="U/4s, . (49)

The relevant on-site repulsions U in the porphy-
rinato series are 1.2 eV for the tetrabenz-derivatives
1 and 3 and 2.7 eV for the small-ring polymer 2. The
following g numbers are therefore calculated for
Ni(TBP), Ni(TMP) and Ni(OMTBP), respectively:

Ni(TBP): g=12/2340= 05
Ni(TMP):  ¢=2.7/1.080 = 2.5;
Ni(OMTBP): g =1.2/0.625=1.9.

The corrrelation strength in 3 (derived in the frame-
work of the HF approximation) is far from the
experimentally verified atomic limit g — oo and is
even smaller than the g factor of 2.

In order to calculate reliable A¢, (or ) elements in
narrow-band materials it is absolutely necessary to
consider the influence of electronic correlations and
electron-phonon coupling on the width of the bare
HF dispersions; both contributions tend to reduce
the one-particle band width 4e. The magnitude and
the importance of quasi-particle (QP) corrections

beyond the HF description (i.e. electronic correla-
tions) has been investigated by several authors
[65—73]. Numerical estimates of the many-body
corrections on the positions and widths of HF dis-
persions require two incisive approximations. One
important a priori assumption is the fragmentation
of the total QP corrections into LR and SR con-
tributions. The former QP energies are associated
with a basis of spatially uncorrelated Bloch orbitals
w (k). The SR reorganizations (electronic relaxa-
tions and correlations, see [72] and [73]), on the
other side, have to be calculated for the molecular
building blocks of the low-dimensional material
(Wannier-type orbitals). Both QP elements are con-
veniently derived in the form of virtual two-band
(two-orbital) excitons (configuration interaction
(CI) picture in the language of molecular quantum
mechanics).

Under the assumption of the validity of these
approximations (unique subdivision into LR and
SR corrections, description of electronic correlations
by two-band (two-orbital) excitons), it is possible to
define QP levels for occupied and virtual bands via
HF one-electron energies as well as self-energy cor-
rections that are either defined in the delocalized
Bloch basis or by spatially localized orbital wave
functions of the Wannier-type:

eQB (k) = eocs (k) + ZHD + 2P0

H, occ E, occ
+ M‘H"fé,c‘c” + Mg‘f,'c)c s (50)

e3P (k) = &, (k) + Z30, + ZYED
+ M)+ MY, (51)

M (M’): Number of electrons in the uncharged
polymer (neutral stacking unit).

I is the self-energy of the occ’th delocalized

Bloch-hole and is of crucial importance for the re-
duction of the band width via QP interactions.
M. is the corresponding electron self-energy.
I, and Z$*D are the counterparts of T{ )
and XM, respectively, in the virtual subspace.
The SR corrections are abbreviated by M{/..",
MM M) and MMED. MM) . describes the
loss of ground state (pair-)correlation due to the
removal of one electron. M{* 2" contains SR re-
organizations that can be decomposed into orbital
relaxation as well as the many-body response to
these mean-field processes (see [72], [74] and [75]).
Analogous physical quantities are described by the
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two remaining SR self-energy corrections which act
on the unfilled one-particle space (particle-hole
symmetry). A detailed discussion of the physical
significance of the various self-energy parameters in
(50) and (51) can be found in the [72] and [73].

2D is given by

ZWJ@” _ _z Z Z <WJ WL‘ (1 _ PIZ? P u.locc W.4>2 .

7 L 4 &t €L = Eoee = &4

J. L # occ (52)
The capital letters J, L and 4 are compound indices
containing both band (/. /, @) and k (k;, k;, k,) co-
ordinates; J and L span the filled HF states and A
the virtual bands. The w;, etc. are Bloch orbitals
expressed by the more compact notation (y; (k;)).
(1= Pypy) is the convenient permutation operator;
the matrix elements in the numerator of (52) are
thus of the Coulomb-exchange type. The virtual
excitations leading to the reduction of A&, in the
QP description are symbolized in the schematic dia-
gram of Figure 24. Microstates at the bottom of the
(valence) band are stronger shifted to higher energies
than levels at the top of the band. It is seen that the
virtual scattering processes from the top to the
bottom of a band allow for a partial reduction of
those energy differences in (52) that are at least
identical with the forbidden gap. It is obvious-that

EA

)
7

% N

Fig. 24. Schematic representation of the virtual scattering
processes leading to the reduction of the band width, 4e, in
the filled Fermi-sea. The opposite signs of the two single-
particle excitations in the diagram on the rhs. of the
figure reduce the energy denominators of (52), i.e. the
states at the bottom of the band are stronger shifted to
higher ¢ (k) values. Occupied states have been labeled by
hatched areas while empty one-particle levels are symbol-
ized by blank bars.

the exchange-induced “oscillations™ in ¢(k) curves
(see Sects. 3 and 5) are partially suppressed by the
virtual two-band excitons displayed in Figure 24.

If it is assumed that the four-index integrals in
(52) are k-independent for the microstates of the
valence band(s) (absence of hybridization effects), it
is possible to estimate the percentage reduction of
A&, fred.. » by means of the equation

£ 2¢, (top) — &, (bottom) — ¢, (bottom)
Jred, & ~

2¢&. (top) — ¢, (top) — & (bottom) o2

4¢, (e]'pOI) =d¢ '.f;ed. iy (54)

& (top) is the ¢ (k) value at the top of the ¢’th
dispersion curve and e, (bottom) symbolizes the
one-particle energy at the bottom of the valence or
conduction band. The “new” band width emerging
from the formation of an electronic polaron is given
n (54). The approximate relation of (53), however,
is only valid if the inequality

AEg > Ae, (55)
if fulfilled.
Equation (55) guarantees the convergence of the

x M- 1 expansion. The results summarized in Table 3

show that this relation is fulfilled for both 1D
chains 2 and 3. Nevertheless, we will restrict the
subsequent analysis to the “pathological” model
polymer 3. Insertion of the relevant ¢(k) figures
from Table 3 into (53) and (54) leads to a reduction
in the width of the band that amounts to ca. 17%
(fred. = 0.83), d¢. (el-pol) 15 0.52 eV.

In the theoretical formalism leading to Ae, (el-pol)
we have assumed that the one-particle energies of
the canonical HF bands are sufficient approxima-
tions to determine the various self-energy correc-
tions (e.g. W5 of (52)). This procedure neglects
however all shifts of the QP energies due to local
reorganization processes dressing the charge carriers
(SR domain) as well as LR corrections that would
enter the rhs. of (52) in a self-consistent variant of
the perturbational expansion. An improved defini-
tion of 2/} is therefore given by

Pl T T (D;PL (1= P1y)ri) Do @)’ .

J L A eQP + QP — &QF — QP

J, L # occ

(56)

where the bare HF eigenvalues are replaced by
“exact” QP energies: the Bloch orbitals w; con-
cordantly have been detached by quasi-particle
wave functions @; .
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Fig. 25. Diagrammatic representation of the Dyson equa-
tion (top). I: Definition of the self-energy part by means of
bare mean-field energies. II: Self-consistent determination
of the self-energy corrections. The HF lines have been
replaced by QP lines that contain both long-range and
short-range reorganizations.

The solutions of (56) are feasible by iteration
where improved QP energies are defined by the
aforementioned self-energy elements X{}/5.0, etc.
The fundamental difference between the relations
(52) and (56) is shown in Fig. 25 by well-known
diagrammatic representations. In the figure it is
supposed that the QP corrections on the rhs. of (50)
and (51) are solutions of Dyson-type equations [76].
The two lower diagrams in Fig. 25 differ in so far as
the HF lines of I (associated to (52)) are replaced
by QP lines (II, (56)).

The straightforward extensions of (53) and (54)
are given by

(57)
fr = 22 (top) — £QP (bottom) — 2F (bottom)
4T 6QP (top) — £ (top) — £QF (bottom)
4 £9P= 4 & ./;':ad, vy (58)

these relations allow for the evaluation of QP cor-
rections under the inclusion of LR and SR reorga-
nizations.

The large unit cell dimension of 3 prevents first
principle determinations of X{{/;.), etc. In order to
allow for a comparison between (52) and (53), on
one side, as well as (57) and (58), on the other, we
make use of experimental excitation energies (energy

denominators) available for macrocyclic Ni(II) mate-
rials [77, 78]. We adopt an experimental gap of
1.5 eV and retain the d¢, parameter of 0.625 eV. This
leads to an effective QP band width 497 of 0.36 eV;
the LR and SR reorganizations reduce the HF dis-
persion by ca. 42%. Nearly one half of the exchange-
induced broadening of the band is thus compen-
sated by electronic correlations. The A¢, (el-pol) and
4eQ® figures are nevertheless significantly larger
than the dispersion derived by one-electron calcula-
tions of the WH-type (0.05¢eV). The comparison
between Ae, (el-pol) and 4¢QP indicates that both
types of many-body interactions (i.e. spatially cor-
related reorganizations dressing local holes and co-
herent scattering processes leading to LR polariza-
tions of the medium) have an important control on
the widths of dispersion curves.

The weak intercell coupling in 3 (and 2) leads to
localization times

t="Nh/de= h/4t (59)

of the charge carriers that are comparable with the
frequencies of intramolecular vibrations. Therefore
significant interactions between electrons and
optical phonon modes are expected [79]. The sub-
sequent analysis concordantly is restricted to the
(linear) interaction between (localized) carriers and
intramolecular optical phonon modes. We start with
the (molecular) model Hamiltonian defined by

H =Hel+th+Hel-pha (60)
Hy=F+ H,, 61)
F =) gatq (62)

and make use of the formalism of second quantiza-
tion. H, symbolizes the electronic Hamiltonian
which has been divided into the mean-field part F
and the residual interaction H., (QP corrections).
The af (q;) are creation (destruction) operators of
the i’th one-electron wave function. The pure pho-
nonic part is given by

th=2f1w,b7b,, (63)
1
where w; stands for the energy of the I'th normal

mode. The b7 (b;) are creation (annihilation) pho-
non operators. The linear electron-phonon inter-
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action reads

Hypn=, Gi(bf+by). (64)
I

Gy =2 giuadi a;. (65)

1

Equation (65) is based on the simplified assumption
that modifications of the canonical one-electron
wave functions along the I'th totally symmetric
normal mode can be neglected (i.e. small variations
of the expansion coefficients as a function of geo-
metrical deformations). This approximation should
be allowed in connection with the following semi-
quantitative analysis.

In order to decouple electrons and phonons, we
define displacement operators:

bt =bt+ G/hoy . (66)

By means of the displacement operators b} it is
possible to combine Hy, and He.pp,, respectively,
into the form

Hop + Hopn =2, (w65 6;— G,Gf/hwy)
Y 4
=Zflw]575]+H,'[. (67)
b §

H;; symbolizes the renormalization of the electronic
Hamiltonian H, (or F) via electron-phonon inter-
action and is given by means of

Hi=-Y S lgh/(hopln;, (68)
q i

ni=n;. (69)

n;, =afa;,

In the (65) and (68) it has been assumed that the
one-electron wave functions are defined in a di-
agonal (canonical) basis. By means of (68) it is
possible to incorporate the electron-phonon cou-
pling into renormalized one-electron energies:

H= Hi+ F(+ H,)
= Z Slf’f“:_ Z Z ggl/(h("}l) n;
i I i

=Za,-n,-—ZZg,-3,/(hw,) n;. (70)
i I i

The renormalized one-particle energies & are then
defined by

G=¢— gh/how;. (71)
I

This relation shows immediately that the shifted
electron-phonon contribution causes a reduction of

the band width by forming a Franck-Condon-like
vibrational overlap with ¢ (k) or 2P (k), respec-
tively. If A in (70) would be defined by F+ H,e,
the ¢ figures in (71) have to be replaced by the
£P elements.

It is much too elaborate to calculate the g%/hw,
parameters for the 62 totally symmetric (A) modes
of the Ni(OMTBP) molecule that are allowed to
couple linearly to any one-electron state of the
Ni(II) complex. Therefore we make use of theo-
retically determined electron-phonon interaction
parameters of simpler planar n systems [79, 80]. This
seems to be an allowed approximation as the im-
portant g,; elements are determined by bond-
stretching vibrations that are highly transferable
between topologically related molecules (here:
planar z systems). Furthermore we assume that the
individual g%/hw;(i=rv) corrections can be ex-
pressed by an averaged constant g2 ,./hw,. and
adopt the mean renormalization derived for the A
modes of TCNQ (0.003 eV) [80]. This approxima-
tion for the electron-phonon interaction causes a
band narrowing which amounts to 0.186 eV. The
corrected width of the valence band of 3 is there-
fore 0.17 eV (462% — 0.186 V). The “effective” hop-
ping integral is 0.0435 eV.

By means of this one-electron parameter and the
aforementioned on-site repulsion U (=1.2¢eV) it is
possible to determine the antiferromagnetic ex-
change term J (given in (4)) of the distorted por-
phyrinato Ni(II) stack 3. The theoretical J integral
of 3 amounts to 13cm™!, a value that it is in fair
agreement with the experimental antiferromagnetic
exchange element J <3 cm™' and J < 10 cm™! for
the two oxidized modifications of Ni(OMTBP) with
0.36 or 0.97 electrons removed per stacking unit.
There are two additional sources responsible for the
small deviation between the theoretical and ex-
perimental J integrals: a) the various approxima-
tions employed in the semiempirical CO procedure
as well as the necessary computational restriction to
4 as model system for the large-ring derivative 3;
b) the calculation of the exchange contributions for
the non-paramagnetic (unoxidized) Ni(OMTBP)
chain; the experimental data correspond to a solid
that is partly oxidized. In the introduction it had
been mentioned that the decay of the electronic ex-
change is a function of the band occupation scheme.

The experimental effective band width of 3 lies in
an interval between 0.15eV and 0.08 eV. The cor-
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relation strength in Ni(OMTBP) derived under the
inclusion of QP corrections and electron optical
phonon interaction is raised to ca. 7 and differs now
significantly from the g elements of 1 and 2, respec-
tively. The improved g figures of the two latter
materials (QP and phononic corrections) are 0.8 and
3.9.

7. Conclusions

It has been the aim of the present contribution to
study the influence of the nonlocal Hartree-Fock
exchange on the one-electron properties of narrow-
band materials. We were able to show that weak
covalent coupling conditions between the (molec-
ular) building blocks of a polymer or solid allow for
a turn of the relative importance of classical tight-
binding interactions (i.e. kinetic energy of the elec-
trons) and the Fermi-correlation (antisymmetry of
the HF wave function). The hopping integrals decay
exponentially, i.e. matrix elements beyond the
nearest neighbors are usually of minor significance.
The kinetic energy contribution to the net HF dis-
persion is therefore determined by a single Fourier
component (2 cos (k) t,,,). Nonvanishing interac-
tions beyond the direct neighbors, on the other side,
are encountered for the electronic exchange. This im-
balance of the one- and two-electron potentials in the
1D lattice vector j is not restricted to systems
with half-filled bands but is also valid in insulators
and semiconductors and is responsible for several
unexpected features in the one-electron properties
of weakly coupled infinite Fermion systems. Only
the latter class of solid-state materials (finite band
gaps) has been analyzed in the present work. On
the basis of the theoretical material presented in
[5, 10, 11, 13] and [14], however, it must be expect-
ed that the one-particle response to the electronic
exchange is reinforced in partly oxidized organo-
metallic chains as a result of the increasing long-range
tails of the charge-density bond-order matrices.

Sufficiently extended lattice sums are a prereq-
uisite of reliable SCF HF band structure calcula-
tions of systems with small de figures. The in-
fluence of the higher order Fourier components to
the HF exchange is of crucial importance for cal-
culated one-electron properties in the limit of small
or vanishing covalent interactions between adjacent
unit cells. A predominance of the k-dependent two-

electron potential can be expected in those low-
dimensional materials where the width of the
energy bands is smaller than ca. 1eV. Suitable
model systems falling into this category are low-
dimensional organic and organometallic stacks,
donor-acceptor complexes, biopolymers, solids with
cluster substructures as well as the large class of
Mott-insulators (transition metal oxides).

Some representative band structure data of the
porphyrinato nickel(II) systems 2 and 3 have been
analyzed as a function of the lattice sum dimen-
sion j in order to demonstrate exemplarily the inter-
relation between geometrical variables (here: lattice
spacing ¢) and the relative importance of the k-
dependent one- and two-electron elements of the
mean-field Hamiltonian. The 0.31 A elongation
from Ni(TMP) 2 to Ni(OMTBP) 3 is accompanied
by a “transition” from the tight-binding regime
(¢ (k) curves determined by the one-electron part,
see (23) and (24)) to the exchange-controlled regime
((25) and (26)). The exchange contributions beyond
the direct neighbors are more or less hidden in
solids with broad dispersion curves determined by
the hopping matrix elements to the direct neighbors
(covalent solids).

The present analysis had been restricted to the
exchange influence in SCF HF CO variants defined
via LCAO-type wave functions. Computational
solid-state methods on the basis of local exchange
potentials, however, should be also susceptible to
the aforementioned phenomena. But it is obvious
that the onset of strange exchange-dependent ¢ (k)
modifications is reduced in theoretical procedures
where the “exact” nonlocal HF exchange has
been replaced by simpler “local” [o(r)]'/* approxi-
mations. As a qualitative rule of thumb, it can be
assumed that the local exchange is about one order
of magnitude smaller than the nonlocal HF poten-
tial. A further diminution of the hopping integrals
is thus necessary before one-electron properties as
discussed in the Sects. 3 and 5 can be observed.

The analysis in Sect. 6 has shown that band struc-
tures of narrow-band materials are neither repro-
duced by uncorrected HF bands nor by one-electron
models of the WH or ET type. The width of a dis-
persion curve is overrated by the former CO pro-
cedures but is remarkably underestimated by ef-
fective one-electron Hamiltonians. Quasi-particle
interactions (long-range and short-range correlations
and relaxations) compensate partially the exchange-
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induced broadening of the ¢ (k) curves. The 4¢%°
elements exceed nevertheless the dispersions de-
rived by WH or EH methods. The HF exchange and
the many-body part act into opposite directions;
the net variation is always determined by the
Fermi-correlation. The second mechanism respon-
sible for the reduction of the QP band width is the
electron (optical) phonon coupling which must be
traced back to localization times t of the charge
carriers that are comparable with the frequencies of
intramolecular vibrations; intermolecular modes, on
the other side, can be neglected in weakly coupled
materials. This phononic narrowing mechanism of
the electronic bands should be always taken into
account in systems with small Ae figures, irre-
spective of any theoretical details of the electronic
Hamiltonian. On the basis of the data derived for
Ni(OMTBP) 3 it is clear that QP band widths
represent a theoretically reliable scheme for pho-
nonic corrections while 4¢ elements from WH vari-
ants are too small to allow for physically meaning-
ful vibrational corrections.

The estimation of the antiferromagnetic coupling
constant J of 3 showed that relations as (4) are a
suitable scheme for a comparison between experi-
mental and calculated Ae¢ elements. It is however
necessary to adopt screened ¢ or A¢ values that are
corrected for QP and phononic interactions. It had
been mentioned that (4) requires no a priori as-
sumption on the analytic structure of the dispersion
susceptible to the antiferromagnetic coupling. This
degree of freedom is not part of those extrapolation
procedures where experimental quantities of mea-
surement (e.g., susceptibilities »*. plasma frequen-

cies wp, thermoelectric power S) are connected to
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